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Beam deflection correction model of wedge-shaped
shock waves over hypersonic vehicles
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(1. Information Engineering University, Zhengzhou 450001, China;

2. Department of Civil Engineering, Luoyang Institute of Science and Technology, Luoyang 471023, China)

Abstract:   Celestial attitude determination is one of the important technical means for high precision autonomous
navigation of  aircraft.  Shock waves are  generated along the surfaces  of  hypersonic  vehicles,  which cause beam
deflection,  affect  the  observation  of  star  trackers  and  celestial  navigation  performances  of  these  vehicles.  Most
modern  hypersonic  vehicles  adopt  the  wave-rider  design,  and  the  payload  bay  can  be  simplified  into  a  wedge
plane  structure.  The  shock  waves  over  hypersonic  vehicles  with  wedge-shaped  upper  surfaces  were  analyzed.
Based on aero-optical  theories  an  analytical  calculation method of  the  structure  parameters  of  the  wedge shock
wave and a quantitative calculation model of the impact of the shock wave on the deflection of light were given.
A correction model was proposed to control the deflection of beam by using the analytical calculation results. The
propagation of shock angle measurement error in this model was discussed, and it was proved that the shock angle
measurement  error  was  negatively  linear  correlated  with  the  correction  effect  deviation  caused  by  it.  The
simulation  results  show that  under  the  condition  of  altitude  20  km and Mach number  5-8,  a  stable  shock wave
structure is formed above the wedge surface, and the deflection of incident beam can be up to 6.8 arcseconds. The
error  between  the  shock  angle  parameters  obtained  by  the  analytical  calculation  method  and  the  test  results  is
within  0.1  arcseconds.  This  means  that  the  error  of  beam  deflection  correction  by  using  this  model  can  be
controlled at  the order of the shock angle measurement error,  and the observation accuracy can be significantly
improved.
Key words:   beam deflection;      correction model;      celestial attitude determination;      error propagation;

hypersonic vehicles;      wedge-shaped shock waves
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高超声速飞行器楔面激波的光线偏折校正模型

陈    冰1，郑    勇1，徐    彬1，章后甜1,2，陈张雷1

(1. 信息工程大学，河南 郑州 450001；
2. 洛阳理工学院 土木工程学院，河南 洛阳 471023)

摘　要：天文定姿是飞行器实现高精度自主导航的重要技术手段之一。高超声速飞行器在飞行过程

中会产生激波，造成光线偏折，影响星敏感器的观测和天文定姿导航的性能。现代高超声速飞行器多

采用乘波体设计，其载荷舱部分可简化为楔面结构。论文聚焦高超声速飞行器上楔面激波，基于空气

动力学理论，给出了高超声速楔面激波结构参数的解析计算方法，以及激波对光线偏折影响的量化测
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算模型。提出了一种利用解析计算结果控制光线偏折的校正模型，讨论了激波角测量误差在该模型中

的传播，证明了激波角测量误差与其引起的校正效果偏差其呈负线性相关。仿真试验表明，在高度

20 km、马赫数 5-8 的条件下，楔面上方形成稳定的激波结构，对入射光线造成的偏折可达 6.8"；解析计

算方法获得的激波角参数与试验结果误差在 0.1"以内。这意味着运用该模型来校正光线偏折的误差

可以控制在激波角观测误差的量级，可以显著提升观测精度。

关键词：光线偏折；   校正模型；   天文定姿；   误差传递；   高超声速飞行器；   楔面激波
 

0    Introduction

Hypersonic  vehicles  can  complete  specific  tasks

while traveling at hypersonic speeds (at Mach numbers of

5 or above)[1]. Long gliding flights are possible in near

space (at 20–100 km). These vehicles are expected to

be deployed widely in the future[2, 3] owing their ability

to fly at high speeds, respond rapidly in combat situations,

cause  significant  damages,  strong  maneuvering,  and

penetrate  effectively[4−5].  However,  the  reliability  of

hypersonic vehicles is limited due to the lack of effective

autonomous  navigation  methods,  which  are  required  for

functions  such  as  high-speed  cruising,  high-load

maneuvers,  and  penetration,  along  with  encountering

highly intense confrontational situations[6].

Celestial  navigation  is  an  autonomous  navigation

method that utilizes star sensors to detect celestial bodies

and obtain star maps from which navigation information,

including  positions,  speeds,  and  attitudes  of  carriers,  can

be  acquired[7].  Hence,  celestial  navigation  is  based  on

optical  observations  of  star  tracker  sensors.  However,

because hypersonic vehicles travel at high Mach numbers

in  near  space,  the  data  collected  by  optical  sensors  are

influenced  by  factors  such  as  shock  waves  outside  the

vehicles  and  turbulence  fields  near  the  windows[8−9].

Consequently, the imaging targets tend to be distorted and

blurred,  while  jittering and energy attenuation can occur.

These  aero-optical  effects  directly  influence  star  map

acquisition  and  celestial  navigation  solutions[10−12].

Therefore,  to  promote  the  application  of  celestial

navigation  in  hypersonic  vehicles,  the  effects  of  shock

waves  on  beam  deflection  must  be  understood  and

corrected.

The  occurrence  of  shock  waves  over  hypersonic

vehicles is inevitable. Research has shown that small and

large  shock  wave  structures  form  at  a  convective  Mach

numbers  above 0.7 and 1.2,  respectively[13].  Furthermore,

most hypersonic vehicles in the United States and Russia

have waverider designs  [14].  Therefore,  the  heads  of  the

vehicles  have  sharp  wedges,  which  induce  full  shock

wave ’s  structure[15−16].  Higher  Mach  numbers  result  in

stronger  effects  of  the  shock  waves[17].  For  example,  the

cross-sections  of  the  main  bodies  of  X-43A  and  X-51A

(developed in the United States) are wedge-shaped. Thus,

the  effects  of  wedge-shaped  shock  waves  must  be

considered  during  the  collection  and  calibration  of  star

maps for navigation.

One important property of a shock wave is that it can

create  a  curved  surface  with  almost  zero  thickness  and

cause dramatic state changes in a continuous medium. In

addition,  it  causes  the  physical  properties  (e.g.,  density,

speed, pressure, and temperature) of the media in front of

and  behind  the  curved  surface  to  differ  considerably[18].

Thus, it causes the deflection of starlight.

Early-stage  research  on  shock  wave  structures  was

based  on  infinitely  long  flat  plates.  Many  studies  were

based on the assumption that the carrier in the high-speed

flow  field  is  an  infinitely  long  flat  plate  with  a  sharp

leading  edge.  Kendall  provided  a  rapid  method  to

calculate the slopes of the shock wave surfaces using this

assumption[19].  Garvine  studied  shock  wave  propagation

models[20],  and  Butler  proposed  a  method  for  conducting

numerical  simulations  involving  infinitely  long  plates[21].

Yin  et  al.  classified  shock  waves  caused  by  pointed  and

blunt  bodies  and  established  a  basic  model  of  beam

deflection  due  to  shock  waves[22].  The  stability  of  the

hypersonic  shock  layer  (velocity,  temperature,  density,
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and  pressure)  had  been  calculated[23].  Nevertheless,  these

studies did not address problems such as the propagation

of  measurement  errors.  Subsequent  research  in  China

focused  on  shock  wave  structures  around  conical  bodies

and their effects[24]. Nevertheless, there are few studies on

beam  deflection  due  to  wedge-shaped  shock  waves  and

the resulting error propagation. That would be the key to

control the error of real-time deflection correction.

This  paper examined an analytical  algorithm for  the

modeling  of  wedge-shaped  shock  waves  based  on  aero-

optical  theories  (Section  1).  Next,  an  ideal  beam

deflection  model  and  a  shock  wave  measurement  error

propagation  model  were  established.  A  quantitative

correction  model  of  beam deflection  due  to  shock waves

over hypersonic vehicles was constructed (Section 2). The

relation between the Mach number and shock wave angles

and  density  variations  were  calculated.  Based  on  the

simulation  results,  the  shock  wave  angle  measurement

errors  propagation  model  and  their  effects  on  beam

deflection  were  analyzed  and  confirmed  (Section  3).  A

reference  basis  for  extending  the  starlight  navigation  to

the hypersonic vehicle can be afforded. 

1    Analytical  algorithm  for  wedge-shaped
shock waves angle

θBy denoting the half wedge angle of the wedge as 

β

ρ1 ρ2

β ρ2/ρ1

and  the  shock  wave  angle  as  (Fig.1),  the  density  of

hypersonic  approaching  flow  above  and  under  the  shock

wave  surface  as    and    respectively,  the  key

parameters   and   can be calculated as follows[25]:

tanθ =
(M2

1sin2 β−1)cot β

M2
1

(
K +1

2
− sin2 β

)
+1

(1)

ρ2

ρ1
=

(K +1)M2
1sin2 β

2+ (K −1)M2
1sin2 β

(2)

M1

K

where,    is  the  Mach  number  of  the  approaching  flow

and    is  a  constant.  In  this  section,  an  analytical

algorithm  model  is  presented  to  solve  the  wedge  shock

angle derived from Eq. (1).

ζ = cot β sin2 β =
1

1+ ζ2
When    and  ,  Eq.  (1)  can  be

converted into a linear expression as follows:

ζ3+

[(
M2

1

K +1
2
+1

)
tanθ

]
ζ2+ (1−M2

1)ζ+

(
M2

1

K −1
2
+1

)
tanθ = 0 (3)

M1

θ

ζ

The  post-wave  Mach  numbers  of  hypersonic  wedge

shock waves are greater than 1. Therefore, given a known

Mach  number  of  the  inlet  flow,  ,  and  a  known  half

wedge  angle,  ,  the  above  cubic  equation  with  one

unknown   can be solved analytically[26] as follows:

 

Hypersonic

approaching flow
Theoretical

incident

light

Actual

incident

light

Normal vector of

actual shock

wave surface
Normal vector of

theoretical shock

wave surface

Actual shock

wave surface

Theoretical shock

wave surface

Δβ

Δβ

β
Shock wave angle measurement error

Shock wave angle measurement error

Half wedge angle θ
Shock wave angle

η1

η1

η2

η2

′

′

Fig.1  Schematic of wedge-shaped shock waves and beam deflection 
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ζ = 2
√
− p

3
cos

(
ϕ

3

)
−

(
K +1

2
M2

1 +1
)
tanθ

3

ϕ = arccos

−q
2
/

√
−
( p

3

)3
 ,0 ⩽ ϕ ⩽ π

(4)

p qIn Eq. (4), the parameter   and   can be expressed as

follows:

p = −(M2
1 −1)− 1

3

(
K +1

2
M2

1 +1
)2

tan2θ

q =
[(

K −1
2

M2
1 +1

)
+

1
3

(M2
1 −1)

(
K +1

2
M2

1 +1
)]

tanθ+

2
27

(
K +1

2
M2

1 +1
)3

tan3θ

∆ = (q/2)2+ (p/3)3

∆ < 0

∆ = 0

∆ > 0

∆ < 0

β

And  a  discriminant    can  be

obtained.  When  ,  there  are  three  distinct  real  roots.

When  ,  there  is  a  double  real  root.  Finally,  when

, one real root and two complex conjugate roots are

obtained.  Additionally,  if  ,  the  shock  waves  are

attached.  The  shock  wave  angle,  ,  could  be  calculated

with the results of Eq. (4) as follows:

β = arccos(
√
ζ2/ζ2+1) (5)

ρ1

ρ2

If  the  air  density  of  hypersonic  approaching  flow

above the shock wave surface,  , is known, then Eq. (2)

can be used to  determine the  air  density  under  the  shock

wave surface  . 

2    Beam  deflection  correction  model  of
wedge-shaped shock waves

 

2.1   Ideal model of beam deflection

ρ n

According  to  the  Lorenz –Lorentz  equation,  the

relationship between the density of the medium in the

flow  field,  ,  and  the  optical  refractive  index,  ,  can  be

written as follows: (
n2−1
n2+1

)
1
ρ
=

2
3

KGD (6)

n ≈ 1For  gaseous  media,  ,  Eq.  (6)  can  be  simplified

to  represent  the  relationship between the  refractive  index

and the medium density as follows:

n−1 = KGDρ (7)

KGDIn  Eq.  (7),    is  the  Gladstone –Dale  constant,

which  can  be  approximated  as  a  function  of

wavelength using the following empirical equation[27]:

KGD = 2.23×10−4(1+7.52×10−3/λ2) (8)

η1 η2

sinη1

sinη2
=

n2

n1
=

1+KGDρ2

1+KGDρ1

η2

η1

For  angles  of  incidence  and  refraction    and  ,

Snell's  law  states  that  ,

respectively.  Hence,  the  angle  of  refraction  after  light

travels through shock waves,  , can be calculated by the

star  trackers.  And  the  incidence  beam  angle,  ,  is  as

follows:

η1 = arcsin
(

1+KGDρ2

1+KGDρ1
sinη2

)
(9)

ρ2 > ρ1

∆η

Owing  to  the  compression  effects  of  shock  waves,

we can know  .  Thus,  the deflection angle of  light,

 can be given as follows:

∆η = η1−η2 (10)
 

2.2   Propagation  of  shock  wave  angle  measurement

errors

β

∆ β

β′

The structure of the hypersonic shock wave can only

be  accurately  obtained  under  a  good  experimental

environment. Therefore, the analytical value of the shock

wave angle,  ,  which was mentioned in 3.1, can be used

to  replace  the  actual  measured  value  for  calculation

processing.  The  difference  between  the  analytical  value

and the true value is  recorded as measurement error  .

And the actual shock wave angle,  , is given as follows:

β′ = β+∆ β (11)

η1 η2

ρ2

β

η2 η′2

In  actual  observation,  the  vector  of  emergent  beam

can be measured by the star  sensor.  But the definition of

the incident and the refraction angle,   and  , as well as

the determination of the density behind the shock surface,

,  all  depend  on  the  shock  angle.  The  refraction  angle

determined  by  the  analytical  shock  wave  angle    is

denoted  as  .  The  actual  angle  of  emergent  beam,  ,

becomes:

η′2 = η2−∆ β (12)

ρ′2

η′1

According  to  Eq.  (2),  the  actual  density  of  the  gas

behind the shock wave surface,  , and the actual angle of

incident,  , can also be written as follows:
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ρ′2
ρ1
=

(K +1)M2
1sin2( β+∆ β)

2+ (K −1)M2
1sin2( β+∆ β)

(13)

η′1 = arcsin
[
1+KGDρ

′
2

1+KGDρ1
sin(η2−∆ β)

]
(14)

Q′ =
1+KGDρ

′
2

1+KGDρ1
,Q =

1+KGDρ2

1+KGDρ1
By  using  ,  we

obtain:

η1 = arcsin(Qsinη2)

η′1 = arcsin[Q′ sin(η2−∆ β)]
(15)

∆ βTherefore, the correction error factor caused by  ,

can be expressed as:

∆η∆ β =η
′
1−η1 =

arcsin[Q′ sin(η2−∆ β)]− arcsin(Qsinη2) (16)

η′1,η1 can be expanded with follow formulas:

arcsin x =x+
(1)!!

2 ·1!(2+1)
x3+

(3)!!
22 ·2!(4+1)

x5 =

x+
x3

6
+

3x5

40
++o(x3)

sin x = x− x3

3!
+o(x3)

∆ β 10−2

Q′ ≈ Q ≈ 1

(∆ β)2

 is in radians and its value is as small as  , so

we can  assume that    and  the  expansion  has  to

be accurate up to  .  This hypothesis will  be verified

in Section 3. Thus, we obtain:

∆η∆ β ≈ c+ c1∆ β+ c2(∆ β)2

c = 0

c1 =

(
Q
2
− Q3

2

)
η2

2+
5Q3

18
η4

2−Q

c2 =
Q3−Q

2
η2−

10Q3

3
η3

2 (17)

Q′ ≈ Q→ 1 (Q3−Q)/2→ 0

η1

10−1

Similarly,  because  ,  .

When  the  angle  of  incidence,  ,  is  relatively  small  as

, the following approximations can be made:

c1 =

(
Q
2
− Q3

2

)
η2

2+
5Q3

18
η4

2−Q ≈ −1

c2 =
Q3−Q

2
η2−

10Q3

3
η3

2 ≈ −
10
3
η3

2

(18)

Finally,  a  simplified error  propagation equation was

obtained:

∆η∆ β ≈ −∆ β−
10η3

2

3
(∆ β)2 (19)

∆ β

η2 ∆ β

We termed Eq.  (19)  as  "the  rapid calculation model

of error propagation". Based on this model, when   and

,  are small  enough,  the effects  of   on the deflection

angle of light are almost linear. 

2.3   Correction model of beam

β′ η′2

η′1

η′1

η1

∆η∆ β

As  mentioned  above,  the  direction  of  the  refracted

star  light  could  be  calculated  by  the  star  sensor.  It  could

be used with the actual shock wave angle   to achieve  .

What we actually want is the original incident angle of the

starlight,  .  Since  the  hypersonic  shock  wave  of  the

aircraft cannot be accurately measured in real time,   can

be represented by the theoretical analytical value,  , with

the correction error factor,  .

The quantitative correction model of beam deflection

due  to  shock  waves  over  hypersonic  vehicles  can  be

constructed as follow:

η′1 =η1+∆η∆ β = arcsin
(

1+KGDρ2

1+KGDρ1
sinη2

)
+∆η∆ β ≈

arcsin
(

1+KGDρ2

1+KGDρ1
sinη2

)
−∆ β−

10η3
2

3
(∆ β)2 (20)

∆ β+10η3
2(∆ β)2/3

If Eq. (20) was used to describe the beam deflection

of  the  hypersonic  shock  wave,  the  beam  error  after  the

correction would be  .
 

3    Simulation experiments
 

3.1   Effects of shock waves on beam deflection

θ

The navigation modules are located on the slopes of

the  wedges  (Fig.2).  Based  on  the  assumptions  on

simplifying  the  side  section  of  waverider  hypersonic

vehicle to a wedge structure in Section 1, the half wedge

angle   could be set as 0.135 9 radians. Different wedge

angle  values  can  be  assigned  for  the  other  waverider

 

LH2 thanks

LO2 thanks

Sub-system

Sub-system

Payload

Propulsion system

Fig.2  Load layout[28] and wedge-shaped structure of preliminary vehicle 
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wedge structures.

K = 1.41

ρ1 = 0.088 91 kg/m3

Furthermore,  the  following parameters  were  used in

the  simulations:  the  altitude  of  the  vehicle  as  20  km,

specific heat ratio of the gas  , medium density of

the  approaching  flow  in  the  flight  area

;  angle  of  attack  angle  is  0°;

atmospheric  pressure  of  5 529.3  Pa;  air  temperature  of

216.65 K.

β

ρ2/ ρ1

Ma = 5.0,5.5,6.0,6.5,7.0,7.5,8.0

Using Eq. (9) and Eq. (10), the shock wave angle,  ,

and the ratio of the density of the media above and under

the shock wave surface,  , at different Mach numbers

( )  were  calculated.  The

results are summarized in Table 1.

∆η

10◦,20◦,30◦,40◦,50◦

The  beam deflection  angle,  ,  when  light  traveled

through  shock  waves  at  different  angles  of  incidence

( ) were also obtained in Table 2. The

angle  is  generally  measured  in  degrees  or  radians  in

design  and  manufacture  of  aircrafts  or  sensors.  In  the

process  of  celestial  observations,  the  angle  of  beam

deflection  is  usually  measured  with  arcseconds.

Therefore,  arcsecond  was  used  as  the  unit  of  beam

measurement in the tables and figures below.
 
 

Tab.2  Deflection  angles  due  to  the  shock  wave  surfaces  at  different  Mach  numbers  and  angles

of incidence (Unit: ("))
 

Ma 10° 20° 30° 40° 50°

5.0 0.604 0 1.246 8 1.977 8 2.874 5 4.082 5

5.5 0.671 3 1.385 6 2.197 9 3.194 3 4.536 8

6.0 0.739 4 1.526 2 2.420 9 3.518 4 4.997 1

6.5 0.808 1 1.668 0 2.645 9 3.845 4 5.461 5

7.0 0.877 1 1.810 5 2.872 0 4.174 0 5.928 2

7.5 0.946 2 1.953 2 3.098 2 4.502 8 6.395 2

8.0 1.015 2 2.095 5 3.323 9 4.830 8 6.861 1
 
 

As  can  be  seen  in  Table  1,  as  the  Mach  number

increases, the compression effect of the shock waves and

the  density  ratio  increase  and  the  shock  wave  angle

reduces  gradually.  The  results  reported  in  Table  2  and

Fig.3  reveal  that  beam  deflection  becomes  more

significant  as  the  Mach  number  and  angle  of  incidence

increase.  At  Mach  numbers  of  5-8,  the  deflection  angles

can be up to 6.8".

Airborne  celestial  attitude  determination  systems

could  provide  an  attitude  solution  with  accuracy  better

than 1.0" RMS[29]. And the beam deflection was needed to

be corrected to achieve such accurate for observation.
 

Ma=5.0
Ma=5.5
Ma=6.0
Ma=6.5
Ma=7.0
Ma=7.5
Ma=8.0

7

6

5

4

3

2

1

0
10 15 20 25 30 35 40 45 50

η1/(°)

(η
1
−η

2
)/
("
)

Fig.3  Deflection  angles  due  to  shock  wave  surfaces  at  different  Mach

numbers and angles of incidence
 

  
3.2   Effects  of  shock  wave  angle  measurement  errors

on beam deflection

Under  hypersonic  conditions,  the  experimental

observation of shock wave structure is very difficult. The

 

Tab.1  Shock  angles  and  density  ratios  at  different

Mach numbers
 

Ma β/rad ρ2/ρ1

5.0 0.303 9 1.849 1

5.5 0.286 1 1.943 6

6.0 0.271 6 2.039 3

6.5 0.259 6 2.135 9

7.0 0.249 5 2.233 0

7.5 0.241 0 2.330 1

8.0 0.233 6 2.427 0
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researches on the shock wave of hypersonic vehicle were

mainly  carried  out  with  computational  fluid  dynamics

(CFD)  technology,  which  did  not  rely  on  simplified

physical  models,  but  used  numerical  algorithms  with  the

help  of  computers  to  directly  solve  fluid  flow  functions.

However,  CFD  processing  requires  huge  computing

resources,  and  the  real-time  performance  is  not  good

enough[30].

The  shock  wave  structure  and  the  light  deflection

caused by it could be calculated by analytical methods as

Section  2.  If  the  CFD  solutions  were  used  as  the  actual

results,  the  error  analysis  of  the  theoretical  results  could

be  carried  out  to  improve  the  accuracy  of  the  theoretical

analytical model.

The  deviations  of  the  theoretically  calculated

shock  wave  angles  from  the  actual  values  will  cause

the  deflection  angles  to  vary.  Therefore,  CFD

simulations  at  Mach  numbers  of  5–8  were  performed

using  the  defined  parameter  values.  The  results

demonstrated that stable shock wave structures formed

over  the  wedge  under  all  the  aforementioned

conditions  (Fig.  4).  However,  the  measured  shock wave

angles  obtained  through  CFD  simulations  differed  from

the theoretically calculated ones.

The  measured  shock  wave  angles  were  extracted

from the CFD raster data. Table 3 presents the deviations

of  the  simulated  shock  wave  angles  from  the  theoretical

values at different Mach numbers.
 
 

Tab.3  Measurement  errors  of  shock  wave  angles  at

different Mach numbers (Unit: ("))
 

5.0 5.5 6.0 6.5 7.0 7.5 8.0

∆β 0.035 7 0.080 6 0.032 8 0.043 1 0.004 8 0.060 6 0.019 3
 
 

∆ β

Under  the  same  conditions,  the  measurement  error,

,  does  not  increase  as  the  Mach  number  increases.

Hence,  further  investigations  are  required  to  determine

whether the simulation errors are random. 

Q′ ≈ Q3.3   Test of the key hypothesis 

∆ β

η1 10−1 ∆ β

According  to  the  conclusion  given  in  Section  4,

when  the  measurement  errors,  ,  and  the  angle  of

incidence,  ,  are  smaller  than  ,    has  a  negative

and linear relation with the deflection angle.

Q′ ≈ Q Q′ Q ∆ β

Ma = 3,5,8

Q′ Q |(Q′−Q)/Q|

However,  this  is  based  on  the  assumption  that

;   and   were solved separately at different 

values  from  0°  to  5.0°  at  .  The  similarity

between    and    was  determined  using  ,

and the results are presented in Table 4.

From  the  table,  it  can  be  seen  that  the  values  of
 

|(Q′ −Q)/Q|

10−4

Tab.4  Process parameters  at different Mach

numbers ( )
 

Ma 5.0 6.0 7.0 8.0

0° 0.000 0.000 0 0.000 0 0.000 0

0.5° 0.189 0 0.223 1 0.252 8 0.277 7

1° 0.375 9 0.442 7 0.500 2 0.547 9

1.5° 0.560 6 0.658 5 0.742 0 0.810 3

2.0° 0.742 8 0.870 3 0.977 9 1.064 8

2.5° 0.922 5 1.078 1 1.208 0 1.311 4

3.0° 1.099 5 1.281 6 1.432 0 1.550 0

3.5° 1.273 7 1.480 8 1.649 9 1.780 8

4.0° 1.445 0 1.675 6 1.861 8 2.003 8

4.5° 1.613 4 1.866 0 2.067 6 2.219 1

5.0° 1.778 8 2.051 9 2.267 3 2.426 9

 

1.71e−01
1.63e−01
1.55e−01
1.47e−01
1.39e−01
1.31e−01
1.23e−01
1.14e−01
1.06e−01
9.82e−02
9.01e−02
8.20e−02
7.39e−02
6.57e−02
5.76e−02
4.95e−02
4.14e−02
3.33e−02
2.62e−02
1.70e−02
8.93e−03

2.38e−01
2.27e−01
2.15e−01
2.04e−01
1.92e−01
1.81e−01
1.70e−01
1.58e−01
1.47e−01
1.35e−01
1.24e−01
1.12e−01
1.01e−01
8.95e−02
7.81e−02
6.66e−02
5.52e−02
4.38e−02
3.23e−02
2.09e−02
9.48e−03

(a) Shock wave surface at Ma=5

(b) Shock wave surface at Ma=8

Fig.4  CFD results of wedge shock waves at different Mach numbers 
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|(Q′−Q)/Q| 10−4

Q′ ≈ Q

 are in the order of   under all conditions.

Therefore, the assumption that   stated in Section 3

is valid. 

3.4   Rapid model to test error propagation

The  shock  wave  structure  and  the  light  deflection

caused by it could be calculated by analytical methods as

Section  2.  If  the  CFD  solutions  were  used  as  the  actual

results,  the  error  analysis  of  the  theoretical  results  could

be  carried  out  to  improve  the  accuracy  of  the  theoretical

analytical model.

∆ β

∆η∆ β

In the range of   considered in this study, the error

propagation,  ,  can  be  calculated  in  different  ways.

Direct  Numerically  Calculation  can  be  performed  using

Eq.  (6),  and  Rapid  Calculation  Model  from Eq.  (19)  can

be used for rapid approximation results.

∆η∆ β

∆ β

From the figures below, it can be seen that   and

  generally  have  a  negative  linear  relationship.  When

50◦

η1 c1 =

(
Q
2
− Q3

2

)
η2

1+
5Q3

18
η4

1−Q

−Q

the  angle  of  incidence  is  smaller  than  ,  the  errors

estimated  via  rapid  approximation  and  direct  numerical

calculation  are  similar.  However,  as  the  angle  of

incidence,  , increases,   in

Eq.  (17)  could  no  longer  be  approximated  to  .

Therefore,  the  results  obtained  using  Rapid  Calculation

Model started to deviate from those obtained through the

Direct Numerically Calculation.

∆η∆ β ≈ c+ c1∆ β+ c2(∆ β)2

∆η∆ β

∆ β η1

∆η = a+a1∆ β+a2(∆ β)2

a,a1,a2

c,c1,c2 η1

If  an  equation  similar  to 

in  Eq.  (17)  is  used  to  fit  the  relationship  between 

and    at  a  certain  angle  of  incidence  ,  as  shown  in

Fig.5(a),  then  the  above  expression  becomes

. Figure 6 shows the differences

between  the  curve  parameters  used  for  the  Direct

Numerically  Calculation  solutions  ( )  and  those

used Rapid Calculation Model ( ) for different  .
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Δβ/(°)
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(b) Relationship between ΔηΔβ and Δβ obtained using Rapid Calculation Model

(a) Relationship between ΔηΔβ and Δβ by Direct Numerically Calculation

Fig.5  Linear relationships between deflection angles and shock wave 

 

50◦ a1

c1 ∆ β

∆ β ∆η

The results indicate that when the angle of incidence

is  within  ,  there  are  small  differences  between   and

,  which are the parameters  that  critically influence  .

The  relationship  between    and    can  be  expressed

50◦

effectively using Rapid Calculation Model from Eq. (19).

In contrast,  when the angle of incidence exceeds  ,  the

two parameters differ remarkably,  and the approximation

of Eq. (19) is no longer suitable.
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4    Conclusions

In this study, an analytical solution for wedge-shaped

shock  wave  angles  under  hypersonic  conditions  was

derived.  Beam  deflections  due  to  shock  waves  were

simulated  at  different  Mach  numbers  and  angles  of

incidence.  The  shock  wave  measurement  error

propagation  was  analyzed.  Finally,  the  relationship

between  beam  deflection  and  shock  wave  measurement

errors was determined.

The  following  conclusions  can  be  drawn  from  this

study:

(1)  Under  hypersonic  conditions,  shock  waves

always  generate  over  wedges  with  relatively  stable

structures. The wedge-shaped shock wave angle decreases

and  the  density  compression  ratio  increases  as  the  Mach

number increases.

(2) Shock wave surfaces significantly deflect light by

approximately more than 1 arcseconds, up to 6.8",  which

is not a negligible error.

(3)  A  quantitative  correction  model  of  beam

deflection  due  to  shock  waves  over  hypersonic  vehicles

was  constructed  as  Eq.  (20).  This  model  can  calculate

error  propagation  rapidly,  and  it  was  proved  to  be

effective when the light incident angle is less than 50°.

(4)  Shock  wave  measurement  errors  are  negatively

and  linearly  correlated  with  the  deflection  angles,  when

the  angle  of  incidence  is  within  50°.  That  means  if  the

∆ β

analytical  algorithm  of  shock  wave  were  used  to  correct

the beam deflection, the error would be hold at the order

of Shockwave Measurement Error,  , which is less than

0.1  arcseconds.  It  is  important  to  model  the  shock  wave

locations and angles accurately from the establishment of

adaptive correction models for shock wave fields.

Further  studies  are  required  for  examining  the

formation locations of shock waves and for approximating

the  superimposition  of  shock  wave  surfaces  and  density

structures behind the shock wave surfaces.
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